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1. INTRODUCTION 
The purpose of this paper is to exhibit he close relationship between the 
theory of the convolution transform as developed by Hirschman and 
Widder [I] and the problem of the expansion of functions in series of Appell 
polynomials [2, 3, 41. 
Let 
f(x) = j:I ‘3~ - t> 4(t) dt (l-1) 
define the convolution transform where 
G(t) = & jl-1 eyA(z)]-l Liz. (1.2) 
The function A is said to be in class D if 
(a) A is of exponential type, 
(b) A is real valued on the real line, 
(c) A has only real zeroes and has at least wo, 
(d) A(0) = 1. 
As we will see, these restrictions guarantee the existence of G(t) in (1.2). By 
Hadamard’s factorization theorem, 
(1.3) 
with a, uk (k = 1, 2,...) real and Cz=, / uk j-1--E < co for every E > 0. Included 
in this factorization is the possibility of a finite number of zeroes by letting 
* This research was supported by the National Science Foundation under Grant 
NSF GP 8209. 
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ak = co for all but a finite number of K. We will have occasion to consider 
the subset D, of D consisting ofthose functions A with an infinite number 
of zeroes. 
The class D is a subclass of the Polya class considered by Hirschman and 
Widder [l, p. 421 and thus we may appeal to that theory for a number of 
important properties ofthe kernel G. 
Since A is an entire function, the series 
A(x) ezz = U-4) 
converges for all x, z complex. A,(x) is a polynomial of degree precisely rr 
(because A(0) f 0). The set of polynomial {A,(x)) is thus a class of Appell 
polynomials [4]. 
We also introduce the class S, . Recalling that an entire function is of 
growth (1, T) if it is of exponential type and of type < 7 if of order one, we 
now define S, as the set of all entire functions of growth (1, T) with T < 01. 
We will connect the problem of the inversion of the transform in (1.1) 
with the expansion of functions in series of Appell polynomials generated by 
the entire function A which occurs in (1.2). In particular we will show that 
4(x) = ~ofw~ 44 (1.5) 
This formula will be the basis of a representation result for the transform and 
also the basis for finding a complex inversion formula for the transform. 
In the last section, we will extend our results, modified, to a larger class of 
functions. 
2. PRELIMINARY RESULTS 
Since the function A is of exponential type, it follows from the work of 
Sheffer [2] that 
k 1 n! A,(x)llln = D(x) (2.1) 
with 
D(x) ,< I x I + 0 (2.2) 
where (T is the type of A if A is of order one and zero otherwise. 
The work of Hirschman and Widder shows that G is in C”-2 on (- co, co) 
if 
A(z) = cl (1 - -&) 3 n 2 2, 
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and in C” when the product in (1.3) is a non-finite product. Moreover, if 
(2.3) 
and 
01 = min{- 01~ ,c+), 
then [1, p. 1081 
&lG(t) = O(j t I”), t-t&cc (2.4) 
for some fixed positive integer k. 
It is clear from these results hat G is not in general known beyond the real 
line and thus the same comment would apply to f as defined in (1 .I). To 
extend the domain off, we note that if x is real, then we can write 
f(x) = !+a G(t) c$(x - t) dt. (2.5) 
-Lx 
It is clear that the integral in (2.5) will converge uniformly in any compact 
subset of the complex plane if + is an entire function of growth (I, T) with 
7 < 01. Thus the integral will represent an entire function and since for every 
E > 0, there is a K, so that 1 $(z)\ < Kr exp[(T + l ) ( x I], then this integral 
is bounded by 
s 
+* 
&e(T+~)l21 e-tilt1 /  Ik e(+c)ltl dt. 
--m 
This integral exists for 7 + E < 01 and thus the integral in (2.5) represents 
an entire function of growth (1, T) with 7 < 01. We have thus shown, 
LEMMA 2.1. Let 4 be in S, , A be in D, then f as defined in (1 .l) can be 
extended from the reals to a function in S, . 
Actually our proof shows more-namely that if $ is of growth (1, T) then f 
can be extended to be of growth (1, T), 7 < CL 
With {A,(x)} defined in (1.4), we now show 
LEMMA 2.2. (a) With A in D, 
I +m -03 G(x - t) A,(t) dt = $ 
for all real x. 
(b) If A is in D, , then 
1 +O” Gcm)(- t) A,(t) dt = a,., --m 
where a,,, is the Kronecker delta. 
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We prove part (a) using generating functions. Now 
1(x, x) = f [I’m G(x - t) A,(t) dt] zn 
n=o --m 
= 
j +O” G(x - ,,[~o~4W]~~ --m 
because the series defining 1(x, a) is dominated by 
where K is a constant and p > u where A is of growth (1, u). This series 
converges for 1 z 1 < (Y. Thus 
1(x, z) = Jtrn G(x - t) A(z) et8 dt 
= Ai;) es2 I$ e-ztG(t) dt 
= exz 
using (1.2) and results from the work of Hirschman and Widder [l, pp. 25, 
26, 551. This proves part (a). Part (b) is already known under more general 
conditions [5, p. 1911, and can be done in a number of ways. It can, however, 
be based on part (a) by differentiating m times to obtain 
s 
+m G’“)(x - t) A,(t) dt = 0 
-co 
if m > n. If m < n, then the same holds if x is replaced by 0. Similarly, if 
m = n, 
I 
+OD G(“)(x - t) A,(t) dt = 1. 
-co 
The differentiation u der the integral sign is easily justified using known 
properties of G. This completes the proof. 
Part (b) of this lemma is a biorthonormality relation and suggests the 
problem of expanding an arbitrary function + in terms of the polynomials 
{A,(x)}. Thus we write 
4n = JTI Gcn)( - t) q%(t) dt 
409/34/z-9 
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and we refer to this as the Fourier-Appell expansion of 4 in terms of the 
polynomials {A&)}. 
3. THE MAIN REWLTS 
In this section, we prove the main results of the paper. First an inversion 
formula for (1.1) is obtained. 
THEOREM 3.1. Letfbe definedby (l.l), A be in Z3, and+ be in S,. Thenf 
can be extended to a fulzction in S, and 
+(x> = f f’“‘(O) A&) (34 
for all complex z. 
The first part of the theorem is Lemma 2.1. Then for some 7 < 01, 
by a result from the theory of entire functions [7, p. 111. Thus with (2.1) and 
(2.2), we conclude that the series in (3.1) represents an entire function. 
Moreover, the series is dominated by 
for some constant K and p > u where A is of growth (1, u). It follows that 
the series represents a function in S, . Denote the series by $(a). We will 
show that #(z) = (b( z) f or a complex z by using the uniqueness property of I1 
the convolution transform. We first show that 
Now 
f(x) = ,‘I G(x - t) t,b(t) dt. 
Z(x) = j+m G(x - t) #(t) dt 
--m 
= iof cnYO) j;I G(x - t) A,(t) dt 
because the rightside is dominated by 
(3.2) 
K f (T + c)” +m 
I s 
eAtI j t jk (I t 1 + p)” dt 
iI=0 
12. --m 
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for some constant K, E > 0 and p > u where A is of growth (1, u). This 
series converges for 7 + c < 0~. The interchange in (3.2) is thus validated 
and by Lemma 2.2, we obtain 
I(x) = 2 f’“‘(0) $ = f(x). 
9l=O 
This proves that I@) =4(x) f or a 11 real X. Since both # and 4 are entire 
functions, itfollows that they are equal over the complex plane and the proof 
is complete. 
We note that 
f’“‘(0) = j+m G(“‘(- t) c)(t) dt 
--m 
in the case when A is in D, . Thus we can restate this theorem as a result 
about the expansion of + in the polynomials (A,(x)}. 
THEOREM 3.2. Let A be D, and $ be in S, . Then the Fourier-Appell series 
for C$ converges to f+(z) for all complex z. 
The proof of Theorem 3.1, in effect, also proves the following representa- 
tion theorem. 
THEOREM 3.3. Let f be in S, and A be in D. Then there is a function + in S, 
so that (1.1) holds for all real x. 
To prove this, we simply choose 
W = f VU 4(t) 
and proceed as in the proof of Theorem 2.3. We have thus shown that the 
mapping defined by (1.1) is a one to one mapping of S, onto S, in the case 
when A is in D. 
As an example, we consider the Stieltjes transform [I, p. 691, defined by 
F(x) = s,” $& dt 
which is equivalent to the convolution transform (1.1) with 
f(x) = F(@) e+, 4(x) = e+g(e”) 
G(x) = l/2 sech (x/2). 
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Then, [l, p. 791, 
A(x) = m-l cos 7r.z 
which is in D, . Now in this case 
(n!) A,(x) = 2;n (z”K) (- 1)” ++-l~“-~k 
= & Kx + in>n + (x - i?r)n]. 
Thus the inversion formula in (3.1) becomes 
which is 
6tz> = & f f'"'(0) [(X + in)” + (x - i7r)n] (n!)-l 
TWO 
+(4 = $y [f(x + iT) + f(x - i7r)], 
and this is a well known inversion formula for the Stieltjes transform 
[6, p. 3181. 
The inversion formula obtained in (3.1) can be expressed in a different 
form as a complex integral. We will need 
LEMMA 3.4, If A is of growth (I, T), then for any complex x, 
A,(x) = & I, K(w) (’ ;I”’ dw 
where K is the Bore1 transform qf A and C is a contour containing the conjugate 
indicator diagram of A in its interior. 
We prove this using generating functions. Thus 
and 
$ A,(x) zn = A(z) ezz (3.3) 
I(x, z) = f. g j-, K(w) (x ziw)” dw 
= & J‘ K(w) ez(r+w) dw 
C 
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using the uniform convergence of the series on the contour C. The fact that 
the conjugate indicator diagram of A is a compact set is used here. Thus 
1(x, z) = 2 jc K(w) ezw dw = ezZA(z) (3.4) 
by the Polya representation theorem for A [7, p. 741. A comparison of (3.3) 
and (3.4) then completes the proof. 
THEOREM 3.5. With the hypotheses of Theorem 3.1, 
#4 = & j, K(4.G + 4 dw 
where K, C are defined in Lemma 3.4. 
From Theorem 3.1, 
$(4 = f f’“‘(O) 44 
?kO 
= & ~ofyo) j, K(w) (’ ;,“‘” dw 
(3.5) 
(3.6) 
= & j ++f(z + 4 dw 
C 
using the fact that f is entire and the uniform convergence of the series in 
(3.6) on C. 
This inversion formula is called a complex inversion formula for the con- 
volution transform and should be compared with other work in this direction 
[I, Chap. IX] and [8]. 
As an example, let A(z) = 1 - .z2. Then 
G(t) = i e-ftf, K(w) = y . 
The transform is 
and (3.5) gives 
f(x) = k jll e-lz-tl+(t) dt 
VW = & jc $$+(x + 4 dw 
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where C is any contour containing the origin in its interior. By the calculus 
of residues, this becomes 
cc4 = f@) - f”M 
In this case, + is of growth (1 ,I). 
4. AN EXTENSION 
The theory developed in the previous ections does not apply to the whole 
class of entire functions of growth (1, T) with 7 2 01. However the series 
still represents anentire function of growth (1,r). In this section we answer 
the question of the relation between this series and a convolution transform. 
We assume that A is in D, . Then 1 a, I+ 00 as n + co and thus there is a 
positive integer p for which 1 a, ( > 7 for n > CL. Referring to (1.3), we factor 
A(z) as 
A(z) = fi (1 
L k=l 
where 




44 = [ii (1 - C)] 44. 
k=l 
(4.3) 
A,(z) is in the class considered by Hirschman and Widder and we denote by 
G,(t) the kernel of the convolution transform corresponding toA,,(z). By the 
result quoted earlier 
e+lG,,(t) = O(l t I”), t-+&cc 
for some positive integer k and where 
011 = max {a, , - oo}, o?s = min a,to,n>r 
{a,, co} 
a,>o,n>p 
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with 01 = min{- ~yr ,%}. It is clear now that 7 < LY and the previous methods 
will now apply. Thus, as in the proof of Theorem 3.1, we can show that 
+m G,,(x - t) f f’“‘(O) A,(t) dt = 2 f’“‘(o) A,+) 
! 
(4.4) 
-02 n=Q TS=O 
where (Ll,~(x)}~ isthe sequence of Appell polynomials defined by 
and we can write 
[lp -$)](f, =AnW. 
Consequently, from (4.4) we conclude that if 
then 
J’ +m G,(x - t) +(t) dt = f f’“‘(o) A,“(x) -co V&=0 
for all real x. We write this result as 
THEOREM 4.1. Let f be an entire function of growth (1, 7), A be in D, and 
p, OL be defined as above. Then the series in (4.1) represents an entire function 4 
of growth (1, T) and 
for all real x. 
This result corresponds to Theorem 3.3. 
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